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Abstract 

Some exact static solutions of the SU(2) Yang-Mills-Higgs theory are presented. 
These solutions satisfy the first order Bogomol'nyi equations, and possess infinite 
energies. They are axially symmetric and could possibly represent monopoles and 
an antimonopole sitting on the z-axis. 
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1 INTRODUCTION 

The theory of the SU(2) Yang-Mills-Higgs field is a well known subject with a large spec- 
trum of literature written on it. The theory became of interest when 't Hooft JIJ and 
Polykov H discovered the monopole solution in the mid-seventies. Much work had been 
done on this subject since then. This field theory, with the Higgs field in the adjoint rep- 
resentation, has been shown to possess both the magnetic monopole and multimonopole 
solutions. Solutions of a unit magnetic charge are spherically symmetric [|TJ - f|, whereas 
multimonopole solutions possess at most axial symmetry - [10]. Asymmetric multi- 
monopole solutions are also shown to exist [|ll| . 



In the limit of vanishing Higgs potential, monopole and multimonopole solutions had 
been shown to exist which satisfy the first order Bogomol'nyi equations |12] as well as 



the second order Euler-Lagrange equations. The solutions satisfying this condition which 
is sometimes known as the Bogomol'nyi condition [12|, ]13[ or the Bogomol'nyi-Prasad- 



Sommerfield (BPS) limit ||, have minimal energies, saturating precisely the Bogomol'nyi 
bound. 

Exact monopole and multimonopole solutions satisfying the BPS limit are known ||, 
|| - [|Kj]. However, only numerical monopole |J, || and axially symmetric multimonopole 
[ |l4j1 solutions are known when the Higgs potential is finite. Asymmetric multimonopole 
solutions are only known numerically even in the BPS limit |]lTJ. Numerical axially sym- 



metric monopole-antimonopole solutions which do not satisfy the Bogomol'nyi condition 
are recently shown to exist fI5| . These non-Bogomol'nyi solutions exist both in the limit 
of a vanishing Higgs potential as well as in the presence of a finite Higgs potential. 

In this work, we examined the SU(2) Yang-Mills-Higgs theory when the Higgs potential 
vanishes. In fact the scalar field here is taken to have no mass or self-interaction. We 
found that the SU(2) Yang-Mills-Higgs theory do possess a whole family of static solutions 
which are both exact as well as partially exact. These solutions satisfy the first order 
Bogomol'nyi equations and possess infinite energies. They are axially symmetric and 
could possibly represent monopoles and an antimonopole sitting on the z-axis. 

We briefly review the SU(2) Yang-Mills-Higgs theory in the next section. We present 
some of our exact solutions in section 3. In section 4, we give a discussion on the magnetic 
flux of one of the exact solutions. We end with some comments on our present work and 
the future work that can be done in the final section. 

2 SU(2) YANG-MILLS-HIGGS THEORY 

The SU(2) Yang-Mills-Higgs Lagrangian in 3+1 dimensions is 

11 1 m 2 

C = — F^ u F aflu + -D^ a D^ a - -[3($ a $ a - — ) 2 , (1) 
4 2 4 Q 



where m is the Higgs field mass, and ft the strength of the Higgs potential, are constants. 
The vacuum expectation value of the Higgs field is then -^j=. The covariant derivative of 

the Higgs field is 

D^ a = <9/i$ a + e abc A b fl c , (2) 
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and A a is the gauge potential. The gauge field strength tensor is 



F; v = dpA* - d v A% + e ahc A\A c v . (3) 

The gauge field coupling constant g is set to one and the metric used is g^ v = ( — h ++)• 
The SU(2) group indices a,b,c run from 1 to 3 and the spatial indices fi,v,a = 0,1,2, 
and 3 in Minkowski space. 

The equations of motion that follow from the Lagrangian (|XJ) are 

D»F« V = d^F* u + e abc A bfl F^ = e abc ^ b D u ^ c , (4) 

and 



2 

D"D^ a = -^$ a ($ 6 $ 6 -^-)- (5) 

P 

The conserved energy of the system which is obtained from the Lagrangian ([!]) as 
usual, reduces for the static solutions with Aq = 0, to 

r (\ 1 1 m 2 \ 

E = J d 3 x i-^F*F aij + -D i $ a D i $ a + -/3($ a $ a - — ) 2 j . (6) 

Here we use the indices i,j, k to run from 1, 2, and 3 in three space, 
't Hooft proposed that the tensor, 



F„ v = d^A u - d v A^ - e abc &d^ b d v ¥, (7) 

where A^ = $ a A^, the unit vector <f> a = -S- and the Higgs field magnitude |$| = V $ a $ a , 
be identified with the electromagnetic field tensor. The abelian electric field is Ei = F 0i , 
and the abelian magnetic field is Bi = — ^€ij k Fij. The topological magnetic current 



16 is defined to be 



k, = ^~ W tabc d^ a d^ b d^c, (8) 



and the corresponding conserved magnetic charge is 



M = J d 3 xk = -!- J e ijk e abc di (Jb a d j &d k &) d 3 x 
= l-fd 2 a t (e tjk e abc ^ a d^ b d k ^ c ) 

= ^ffaiBi. (9) 
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3 THE EXACT SOLUTIONS 



We use the static axially symmetric purely magnetic ansatz with gauge fields given 
by 



1 



1 



1 



ai = - -R2r a <P, + -(i - 7i)0 a 0" - -(i - r 2 )ey^ 



(10) 



and the Higgs field given by 



:n) 



Simplifying the above ansatz (|T0| ) to R\ = R 2 = R(0) and n = r 2 = r(r), leads to the 
gauge field strength, 



§°(±Rt) + f«(li?+ l^cotfl + l(r 2 - 1))) (^§ v - faej 
+ + ^ot (9 + ^ 2 ) + f^ 2 Rr)) {r,k ~ rj») 

-t' + \r) (rjv-rjj, 



and the covariant derivative of the Higgs field to 



D^ a = a M (~$ 2 cot + -i?$ 2 + ~T$! 

Vr r / V r 

+0% (V 2 - + r a ^ - ^r$ 2 ) . 



(12) 



(13) 



Prime means and dot means J|. By allowing the Higgs field to be $i = ^ip(r) an d 
$2 = -R(9), where ip{r) = r(r) — 1, the equations of motion ([|) and (|5|) can be simplified 
to just two coupled ordinary differential equations, 



(-rV + 2t/# + l) 2 ) +2(R + RcotO + R 2 )(l + ^) = 0, 



(14) 



(R + R cot - R(l + cot 2 0) - 2i? 2 cot 6 - 2R 3 

+2(rip' + ip(l + ip))R = 0. 



(15) 



Equations ( |14"D and (p~5|) can further be reduced to just two ordinary differential equa- 
tions of first order, 



rip' + ip + ip A 



-P, 



(16) 
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R + RcotO + R 2 = p, 



(17) 



where p is an arbitary constant. Equation ([16]) is exactly solvable for all values of p. 
However equation ([T7|) is only exactly solvable when p takes the value and -2. For other 
values of p, equation (|l"7D can only be numerically solved. Equations ([IB] ) and (fPTD are 
first order differential equations and they are found to satisfy the Bogomol'nyi first order 
equations , that is, 

Bf = Di$ a . (18) 

In this paper, we would like to focus only on the exact solution when p = —2. In this 
case, the exact solution to equation QIBD is 



cvr a (a — 1) — (a + 1) r. r 1 , . 

2{c\r a + 1) v 4 

When p = — 2, equation (|l7|) has a particular solution, 



i2 = i2 (1) = -tan 0, (21) 
Hence equation (|T7|) can be reduced to the Bernoulli equation |16|, once a particular 



solution is known. Upon solving the resulting Bernoulli equation, we obtained the second 
exact solution, 



R = R (2) = -tan#+ ( sin # cos 2 # (c 2 + — !— + In tan- ) ) . (22) 

\ \ cos 2 J J 

In solutions (^) and (^), Ci and c 2 are arbitrary constants, and solution Rr 2 ) is more 
singular than solution R(i). 

The solutions fl2"U|) and (^T|) lead to the exact gauge fields, 



Af 1)M = i tan 0(^-0%), 
1 /r 3 -2 X 



4« 



(^--^^tJWm-W. ( 23 ) 

where the integration constant c\ is set to one. When r tends to infinity, the gauge 

potentials (p3|) do not tend to a pure gauge, and when r approaches zero, only tends 
to a pure gauge but not Afy . The energy of the system which is given by 



E 



J d 3 x (B«B?) , (24) 
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is not finite at the point r = and along the plane z = 0. 

It is noted that with the ansatz (|H]) and ([TT|), = $ a A^ = 0. Hence the abelian 
electric field is zero and the abelian magnetic field is independent of the gauge fields (|23| ) . 

Bi = \ e ijk e abc $ a d^ b 8 k & 

(ip + Rcot6\( ijjR \ fip + Rcote\f rtp'R \ ~ 

9((r 3 -2)-(r 3 + l)tan 2 #) 



B r 



r 2 ((r 3 -2) 2 + (r 3 + l) 2 tan 2 9) 



2 m 3/2' 



„ 27rtan6> . „. 

Be = 25 

(( r 3_ 2 ) 2 + (r 3 + l) 2 tan 2 5) 3/2 

4 THE MAGNETIC FLUX 

We would like to define the abelian field magnetic flux as 



tt = 4ttM = j d A <TiBi 

= 2tt J B, (r 2 sin 9dB)fi. (26) 

where M is the magnetic charge. We would also like to rewrite the Higgs field of equation 
(PI) from the spherical coordinate system to the cylinderical coordinate system [ 15] , 



$« = $ 1 r a + $ 2 a , 

= $! p a + $ 2 5 aS , (27) 



where 



$i = $i sin# + $2 cos^ = |$| cosa 

$ 2 = $i cos9 - $ 2 sin6> = |$| sin a. (28) 



Hence sin a can be calculated and shown to be 



(r 3 - 2) cos 9 + (r 3 + 1) sin 9 tan 9 
; (r 3 -2) 2 + (r 3 + l) 2 tan 2 6> 



From equations ( p7"| ) and (28), the unit vector of the Higgs field becomes 

$ a = cosap a + sina<5 a3 , (30) 
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and the abelian magnetic field can be written in the form 

Id Id 

Bi = — (sin a) r, + -— (sin a) 6>;. (31) 

pr 39 p or 

Hence we can write the magnetic charge as 

M = -isin< jr , (32) 

and show that the magnetic charge enclosed in the upper hemisphere and the lower 
hemisphere is one each and the magnetic charge at the origin is negative one. Therefore 
the system carries a net magnetic charge of one. 



5 COMMENTS 



1. The exact magnetic solutions fl2"DD and ( |2"1~D have been shown to represent two monopoles 
and an antimonopole sitting on the z-axis, with the antimonopole at the origin and the 
two monopoles at z = ±yj- The positions of the monopoles can be varied by changing 
the value of the parameter c\ in equation (^) but the antimonopole 's position is fixed at 
the origin. A plot of the magnetic flux lines for the monopoles-antimonopole configuration 
is given in figure ([!]) when c\ is equal to one. 

2. In these exact solutions, the magnitude of the Higgs field , 



l$l 



iJ 2 + R 2 



r 3 + 1 



+ tan 2 9, 



(33) 



is zero at (r = \/2, 6 = 0) and (r = v2 5 9 = n) and these two zeros correspond to the 
positions of the two monopoles of charge one each. The singularity at r = of the Higgs 
field corresponds to the antimonopole of charge negative one. 

The energy density of the abelian magnetic field (p5|) , £ = ^BiB\ are concentrated 
at the origin r = 0, and along the z axis at z = ±y2, that is at the points where the 
antimonopole and the two monopoles are located. A plot of energy density £ versus p 
and z is shown in figure (§). 

3. When the parameter p = —2, we can have two exact solutions for R(9), that equations 
(pll) and ( 22|) but only one exact solution ( p0[) of tp(r). The two different combinations 
of solutions represent different physical configurations. Since the solutions with ij)(r) and 
i?2(#) are more singular than the solutions with i/j(r) and R\{9), we choose not to discuss 
it in this paper but in later work. 



4. The next exact solutions that we can obtain with the ansatz (|T0|) and ([TT] ) are when 
p=0, 



00 



(c 3 r - 1) ' 



Rn 



(C4 sin 9 + sin 9 In tan |) ' 



(34) 
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where C3 and C4 are arbitrary constants. In this case we notice that (ipo, R = 0) and 
(V> = 0,Rq) are also solutions of the equations of motion (£D and fl5|). Hence we can 
linear superposed these two sets of solutions to get the solutions (ip , Rq) of equation d34|). 
Therefore linear superposition of nonlinear solutions is possible, when p = 0, to get more 
nonlinear solutions. 

5. Only numerical solutions can be obtained for R{&), when p takes value other than 
and -2. These numerical solutions are zero at 9 = n and positively singular at 9 = for 
negative values of p and negatively singular for positive values of p. Hence the possible 
zeros of the Higgs field lie on the negative z-axis. 

6. The solutions ijj(r) for equation (|l^) are exact for all values of p. For values of p < \ 
the exact solutions ip{r) are smooth and regular. When p = |, ip(r) has two zeros; when 
p = 0, tp(r) has no zeros expect at infinity; and when p < 0, tf)(r) has only one zero. 
However when p > |, tp(r) has an infinite number of zeros and are singular. A plot the 
solutions of ifj(r) for different values of p < | is shown in figure (0). 

7. Further study of all the solutions mentioned in this paper, with different values of the 
parameter p is on the way and will be given in later work. 
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7 FIGURE CAPTIONS 



Figure 1: A two dimensional vector plot of the abelian magnetic flux versus p and z. 



Figure 2: A plot of the energy density £ versus p and z. 
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Figure 3: A plot of the solution -0(r) versus r for (1) p — \, (2) p — 0, (3) p = — |, (4) 
p = —2, (5) p = —If and (6) p = — 6 when the integration constant is set to unity. 
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